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Abstract. We establish a Lefschetz hyperplane theorem for the Berkovich analytifica-
tions of Jacobians of curves over an algebraically closed non-Archimedean field. Let J
be the Jacobian of a curve X, and let Wd ⊂ J be the locus of effective divisor classes
of degree d. We show that the pair (Jan,Wand ) is d-connected, and thus in particular
the inclusion of the analytification of the theta divisor Θan into Jan satisfies a Lefschetz
hyperplane theorem for Z-cohomology groups and homotopy groups. A key ingredient
in our proof is a generalization, over arbitrary characteristics and allowing arbitrary sin-
gularities on the base, of a result of Brown and Foster for the homotopy type of analytic
projective bundles.
1. Introduction
The main objective of this paper is to establish, for Berkovich analytifications of Jacobians
of curves, a Lefschetz hyperplane theorem for Z-cohomology and homotopy groups. Let K
be an algebraically closed field complete with respect to a non-trivial non-Archimedean norm
| · |K . Let X be a smooth projective curve over K of genus g, and let J be its Jacobian. Let
Wd ⊂ J be the locus of effective divisor classes of degree d.
Theorem A. For 1 ≤ d ≤ g − 1, the pair (Jan,W and ) is d-connected, i.e.
pii(J
an,W and ) = 0 for i ≤ d.
In particular, the inclusion W and ↪→ Jan induces isomorphisms between Z-cohomology
groups of dimension < d, and an injection in dimension d.
Let D denote an ample divisor on a smooth projective variety Y of dimension n over
K. As a consequence of the `-adic Lefschetz hyperplane theorem [Del80] and of Berkovich’s
weight 0 comparison theorem [Ber00], the inclusion Dan ↪→ Y an induces isomorphisms
between Q-cohomology groups of dimensions < n− 1, and an injection in dimension n− 1.
However, Payne noticed that the previous statement does not hold in general if we replace
Q with Z, or if we replace cohomology groups with homotopy groups [Pay15, Example 17].
Let Θ denote the theta divisor of J . In the same paper, Payne suggested that the pair
(Jan,Θan) may satisfy a Lefschetz hyperplane theorem for Z-cohomology and homotopy
groups [Pay15, Example 16]. Since Wg−1 is a translate of Θ, as a special case of Theorem
A, we show that that a Lefschetz theorem for Z-cohomology and homotopy groups indeed
holds for the pair (Jan,Θan).
In general, the Poincare´ formula says that
[Wd] =
1
(g − d)!
g−d⋂
[Θ],
and thus Wd is contained in Wd+1 as an ample divisor. Moreover, the singular locus of
Wd+1 is equal to locus of divisor classes of rank at least 1, which is contained in Wd. Over
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2 TIF SHEN
C, the classical Lefschetz hyperplane theorem [Mil63, §7] implies that the pair (Wd+1,Wd)
is d-connected. Theorem A can therefore also be viewed as a non-Archimedean analog of
Lefschetz for the pair (W and+1,W
an
d ).
1.1. Tropicalization. The main technical step in the proof Theorem A consists in showing
that the natural map from W and to its tropicalization is a homotopy equivalence. Recall the
analytification Xan has a skeleton Γ, which is a metric graph. We know from [Ber90, BR15]
that the Jacobian J(Γ) of Γ is a skeleton of Jan. In particular, there is a canonical retraction
map from Jan onto J(Γ). Let Wd(Γ) denote the image in J(Γ) of W
an
d .
Theorem B. The map W and →Wd(Γ) is a homotopy equivalence for all d.
It suffices then to show that the pair (J(Γ),Wd(Γ)) is d-connected. Since the retraction of
Jan onto J(Γ) is compatible with the Abel-Jacobi maps of Xan and Γ [BR15, Proposition
6.1], Wd(Γ) is identified with the locus of effective divisor classes of degree d on Γ. In
particular, there is a natural surjection Symd(Γ)→Wd(Γ), which we show to be a homotopy
equivalence. The desired statement for the pair (J(Γ),Wd(Γ)) then follows by comparing
the homotopy groups of Symd(Γ) with the homotopy groups of J(Γ) (see §3).
1.2. Morphisms with contractible fibers. Let Symd,an(X) denote the analytification
of the dth symmetric product Symd(X) of X. A crucial part of our proof of Theorem B
consists in showing the natural map Symd,an(X)→W and (X) is also a homotopy equivalence.
Since the fiber over a divisor class [D] ∈ Wd(X) is the projective space |D|, we obtain this
homotopy equivalence as a special case of the following theorem. Let K be a (not necessarily
algebraically closed) field complete with respect to a non-Archimedean norm.
Theorem C. Let f : X → Y be a morphism of quasi-projective K-varieties. Suppose that
there is a finite stratification Y =
∐
i Yi such that f : X×Y Yi → Yi is a projective bundle of
rank ri over Yi. Then, there is a finite extension K ⊂ L such that fanL : (XL)an → (YL)an
is a homotopy equivalence.
Moreover, if we suppose the field K has a countable dense subset, then we can take L = K.
Brown and Foster have shown in [BF14] that over K = C((t)), if f : X → Y is a projective
bundle with Y smooth, then fan : Xan → Y an is a homotopy equivalence. Their argument
follows the minimal model approach developed in [dFKX12, MN15, NX13]. The assumptions
of equi-characteristic 0 and of Y being smooth (or mildly singular) are essential for this
method.
We follow a different approach, which works over K of arbitrary characteristic and allows
arbitrarily bad singularities for Y . Recall from [HLP14] that over K with a countable dense
subset, the analytification Xan of a quasi-projective K-scheme of dimension d embeds into
R2d+1; in particular Xan is metrizable and has a countable dense subset. Therefore, we
can apply the Vietoris-Begle-Smale mapping theorem [Sma57] to show that over such K,
any proper surjection fan : Xan → Y an is a homotopy equivalence if the fibers of fan are
contractible. We conclude the proof of Theorem C with a spreading out argument (see §4).
Remark 1.1. One could ask if the conclusion of Theorem C holds without having to pass
to a finite extension L of K. We are not aware of examples of morphisms f satisfying the
hypothesis of the theorem for which fan fails to be a homotopy equivalence. The finite
extension is used only to apply [HL16, Theorem 14.2.3].
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2. Metric Graphs and their Jacobians
Recall from [BF06, MZ08] that a metric graph Γ is the geometric realization of a graph
G = (V,E) equipped with an edge-length function ` : E → R>0. Each edge e is identified
with a line segment in Γ of length `(e). We associate to Γ the real torus
J(Γ) := H1(Γ,R)/H1(Γ,Z),
i.e. the Jacobian of Γ.
Fix a full-rank lattice Λ in a real vector space V . Given a positive definite quadratic form
on V , the Voronoi polytope Vor(Q) associated to Q is the set of points
Vor(Q) := {x ∈ V : Q(x, x) ≤ Q(x− λ, x− λ) ∀λ ∈ Λ}.
Set Λ = H1(Γ,Z), and consider the positive definite quadratic form Q(Γ) on H1(Γ,R) given
by
Q(Γ)
(∑
e∈E
aee
)
:=
∑
e∈E
a2e`(e)
where
∑
e∈E aee is a 1-chain. The theta divisor Θ(Γ) of J(Γ) is the image in J(Γ) of the
codimension 1 skeleton of the associated Voronoi polytope Vor(Q(Γ)).
2.1. Divisors of a metric graph. We now review the theory of divisors on a metric graph.
For further details and references, see [BF11, MZ08]. A divisor is a finitely supported
element D =
∑
x∈ΓDxx of the free abelian group on Γ. Let f : Γ→ R be a piecewise linear
function with integral slopes, let ordx(f) denote the sum of outgoing slopes of f at x, and
let div(f) be the divisor defined by the sum
div(f) :=
∑
x∈Γ
ordx(f)x.
Two divisors D and D′ are said to be equivalent if D −D′ = div(f) for some f .
Mikhalkin and Zharkov constructed, for each choice of basepoint p ∈ Γ, a tropical
Abel-Jacobi map αp : Γ → J(Γ). Let deg(D) :=
∑
x∈ΓDx be the degree of a divisor
D; let Divd(Γ) be the set of divisors of degree d. Extending αp linearly gives maps αp,d :
Divd(Γ) → J(Γ). Note that the tropical Abel-Jacobi map takes equivalent divisors to the
same point in J(Γ). Let Picd(Γ) be the equivalent classes of divisors degree d. Then in
particular, we get an induced map αp,d : Pic
d(Γ)→ J(Γ).
Theorem ([MZ08, Theorem 6.2]). The map αp,d : Pic
d(Γ)→ J(Γ) is a bijection, and when
d = 0 it does not depend on the choice of basepoint p.
2.2. Effective divisors. A divisor is effective if all of its coefficients are non-negative; a
divisor class is effective if it contains an effective representative. Let Wd(Γ) ⊂ J(Γ) denote
the image under αp,d of the locus of effective divisor classes in Pic
d(Γ). For d′ ≤ d, one can
easily see that Wd′(Γ) ⊂Wd(Γ).
For 1 ≤ d, let Θd(Γ) denote the image in J(Γ) on the d-skeleton of Vor(Q(Γ)). Let b
denote the genus of Γ, i.e. its first Betti number. By [MZ08, Corollary 8.6], Wb−1(Γ) is a
translate of Θb−1(Γ) = Θ(Γ).
Example 2.1. Let Γ be a bouquet of n circles of arbitrary lengths. Let e1, ..., en denote
the cycles in H1(Γ,Z) defined by the edges of Γ. Then Vor(Q(Γ)), up to translation by κ =
1
2
∑
1≤i≤n ei, is the cube with vertex set {
∑
i∈I ei} as I ranges over the subsets of {1, ..., n}.
From this, one can easily show that W1(Γ) = Θ1(Γ)+κ. Since Wd(Γ) = W1(Γ)+· · ·+W1(Γ),
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it follows that Wd(Γ) = Θd(Γ) +κ for all d, and therefore J(Γ) can be obtained from Θd(Γ)
by attaching cells of dimensions > d.
In general, Wd(Γ) is not necessarily a translate of Θd(Γ). In fact, they are not necessarily
homotopic to each other, as the next example shows.
Example 2.2. Consider the metric graph Γ on the left on Figure 1. The front and the
back of its Voronoi polytope Vor(Q(Γ)) are displayed on the center and right respectively.
The quotient map Vor(Q(Γ))→ J(Γ) identifies the opposite faces of Vor(Q(Γ)), and sends
the d-skeleton of Vor(Q(Γ)) onto Θd(Γ). From this, one can deduce that Θ1(Γ) is a graph
with 4 vertices and 9 edges, and therefore has genus 6. However, W1(Γ) is homotopic to Γ,
which has genus 3, and therefore cannot be identified with Θ1(Γ).
Γ
Front of Vor(Q(Γ)) Back of Vor(Q(Γ))
Figure 1.
3. Symmetric Products and Lefschetz for Wd(Γ)
Recall that a pair of spaces (A,B) is n-connected if pii(A,B) = 0 for i ≤ n. By
construction, J(Γ) can be obtained from Θd(Γ) by attaching cells of dimensions > d. In
particular, the pair (J(Γ),Θd(Γ)) is d-connected. In this section, we show that the same is
true for the pair (J(Γ),Wd(Γ)).
Theorem 3.1. For d ≥ 1, the pair (J(Γ),Wd(Γ)) is d-connected.
As noted in the introduction, the key technical step of the proof of Theorem 3.1 consists in
showing that the natural map Symd(Γ) → Wd(Γ) is a homotopy equivalence. First, let us
recall some basic facts about symmetric products of topological spaces.
3.1. Symmetric products. Given a topological space ∆, the dth symmetric group Sd acts
on the product ∆d by permuting the factors. The dth symmetric product Symd(∆) of
∆ is the quotient space ∆d/Sd. The points of Sym
d(∆) can be written as formal unordered
sums p1 + · · · + pd of points p1, ..., pd ∈ ∆. As noted in [Hat02, §4K], taking symmetric
products preserves homotopy equivalence in following sense. A continuous map f : ∆→ ∆′
induces a continuous map Symd(f) : Symd(∆) → Symd(∆′) defined by p1 + · · · + pd 7→
f(p1) + · · ·+ f(pd). If f is a homotopy equivalence, then so is Symd(f).
Example 3.2. By the fundamental theorem of symmetric functions, there is a canonical
homeomorphism Symd(C) ∼−→ Cd, which sends Symd(C∗) ⊂ Symd(C) onto the subspace
C∗×Cd−1 (see [Hat02, Example 4K.4]). Since S1 is homotopic to C∗, we have that Symd(S1)
is homotopic to C∗ × Cd−1, and the latter is homotopic to S1.
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Set ∆ = Γ. Since Γ is homotopic to a wedge sum
∨b
S1, we have a homotopy equivalence
from Symd(Γ) to Symd(
∨b
S1). Consider the CW-structure on the torus (S1)b given by
identifying the opposite faces of the cube [0, 1]b, and let (S1)bd denote its d-skeleton.
Theorem ([Ong03, Theorem 1.2]). For d ≤ b, we have a homotopy equivalence
Symd
( b∨
S1
)
∼ (S1)bd.
Remark 3.3. The proof is a generalization of Example 3.2, where C∗ is replaced by C minus
b points in general position.
3.2. Lefschetz for Wd(Γ). There is a natural inclusion Sym
d(Γ) ↪→ Divd(Γ), realizing a
point p1 + · · ·+pd of Symd(Γ) as an effective degree d divisor on Γ. Thus, fixing a basepoint
p ∈ Γ, we have a map α(d)p : Symd(Γ)→Wd(Γ) induced by the map αp,d : Divd(Γ)→Wd(Γ).
The following is an essential ingredient in our proof of Theorem 3.1.
Proposition 3.4. The map α
(d)
p : Sym
d(Γ)→Wd(Γ) is a homotopy equivalence.
Proposition 3.4 is a consequence of the contractibility of the fibers of α
(d)
p , as we now explain.
First, recall that given a divisor D, the complete linear series |D| is the set of effective
divisors equivalent to D. Each point x of Wd(Γ) corresponds to a class [D] ∈ Picd(Γ)
containing an effective divisor D. This inclusion Symd(Γ) ↪→ Divd(Γ) identifies Symd(Γ)
with the subset of Divd(Γ) of effective divisors, and therefore preimage of x in Symd(Γ) is
equal to |D|. Consider |D| as a topological space with the subspace topology from Symd(Γ).
Theorem ([HMY12, Corollary 30]). The complete linear series |D| is contractible.
We also recall that a continuous function φ : M → N is a weak homotopy equivalence
if the induced map φ∗,n : pin(M) → pin(N) is an isomorphism for all n. The following is a
theorem of Smale, also known as the Vietoris-Begle-Smale mapping theorem.
Theorem ([Sma57, Main Theorem]). Let φ : M → N be a proper surjection between
connected locally compact metric spaces with a countable dense subset. Suppose M is locally
contractible, and suppose φ−1(p) is contractible for all p ∈ N . Then φ is a weak homotopy
equivalence.
Remark 3.5. Note that the above statement does not hold if Y is not metrizable [CGM12,
Example 2.8]. Moreover, the statement also does not hold if f is not proper, even if both
X and Y are manifolds [CGM12, Example 2.11].
By Whitehead’s theorem, a weak homotopy equivalence φ : M → N is a homotopy
equivalence if both M and N has the homotopy type of CW-complexes. Given a CW-
decomposition on Γ, there is a natural way of putting a CW-structure on Symd(Γ) (see
[Hat02, §4K]). From [LPP12], we know that we can write Wd(Γ) as the image of a finite
union of polytopes in H1(Γ,R). In particular, this implies that Wd(Γ) also admits a CW-
decomposition.
Proof of Proposition 3.4. By Whitehead’s theorem and the Vietoris-Begle-Smale mapping
theorem, it suffices to show that the map Symd(Γ) → Wd(Γ) has contractible fibers. As
observed above, the fibers of the map are contractible by [HMY12, Corollary 30], and the
theorem follows. 
We now prove Theorem 3.1.
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Proof of Theorem 3.1. For d ≥ b, Wd(Γ) = J(Γ). Therefore we only need to consider the
case of d < b. By Proposition 3.4, we can equivalently show that for d < b, the map
Symd(Γ)→ J(Γ) induces isomorphisms between homotopy groups of dimensions < d and a
surjection in dimension d.
Choose a basepoint p ∈ Γ. There is a natural map Γ→ Symd(Γ) given by
x 7→ x+ p+ · · ·+ p
such that the following diagram commutes.
Γ Symd(Γ) J(Γ)
αp
The map αp,∗ : H1(Γ,Z) → H1(J(Γ),Z) and the map H1(Γ,Z) → H1(Symd(Γ),Z) are
isomorphisms. Therefore H1(Sym
d(Γ),Z) → H1(J(Γ),Z) is an isomorphism. Now, the
Hurewicz maps pi1(Sym
d(Γ)) → H1(Symd(Γ,Z) and pi1(J(Γ)) → H1(J(Γ),Z) are isomor-
phisms. Hence, the map pi1(Sym
d(Γ))→ pi1(J(Γ)) is an isomorphism.
By [Ong03, Theorem 1.2], for 1 < i < d, we have that pii(Sym
d(Γ)) ∼= pii((S1)bd) = 0. For
i > 1, pii(J(Γ)) = 0. Hence, pii(Sym
d(Γ))→ pii(J(Γ)) is an isomorphism in dimensions < d,
and a surjection in dimension d. 
Remark 3.6. In [AB14], Adiprasito and Bjo¨rner proved, using a Morse-theoretic argument,
that locally matroidal tropical varieties in TPn satisfy a similar Lefschetz hyperplane the-
orem. The methods and results of [AB14] do not apply to our setting, since Wd(Γ) is not
necessarily locally matroidal. For example, if Γ is the bouquet of circles from Example 2.1,
then Wd(Γ) is locally isomorphic to the dual fan of a cube, which is not a matroidal fan.
4. Analytification of Morphisms with Projective Fibers
4.1. Berkovich analytification. Let K be a field complete with respect to a non-trivial
non-Archimedean norm | · |K . Berkovich analytification associates to each scheme X that is
locally of finite type over K an analytic space Xan. If X = SpecA, then the points of Xan
are multiplicative seminorms | · | : A→ R≥0 extending the given norm on K. The topology
on Xan is the coarsest topology such that, for each a ∈ A, the function on Xan given by
| · | 7→ |a| is continuous. In general, given an affine cover X = ∪iUi, there is a natural way
to construct Xan by gluing together the Uani : see [Ber90] for more details.
An extension L of K is a field K ⊂ L with a norm | · |L extending | · |K ; K is then
a non-Archimedean subfield of L. Given an extension L of K, there is a natural map
X(L) → Xan defined as follow. Suppose we have a map SpecL → X. Let U be an affine
open in X containing the image of SpecL. Then, we obtain a norm | · | ∈ Uan ⊂ Xan by
composing | · |L with the map OX(U) → L. Note that if L′ is an extension of L, then the
following commutes, where the map X(L)→ X(L′) is given by viewing an L point as an L′
point.
X(L) X(L′) Xan
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Given a point p ∈ Xan, there is always an extension L of K such that p is in the image
of X(L). Indeed, choose an affine open U = SpecA such that p ∈ Uan, then we can write p
as a seminorm | · |p : A→ R≥0. Let p be the kernel of | · |p; then p is prime. Let k(p) denote
the completion of the fraction field k(p) of p. The composition OX(U)→ k(p)→ k(p) gives
us a canonical preimage of p in X(k(p)).
There is a nice correspondence between the scheme-theoretic properties of X and the
topological properties of Xan.
Theorem ([Ber90, Theorem 3.4.8]). The scheme X is separated (resp. connected, resp.
proper) if and only if Xan is Hausdorff (resp. path-connected, resp. compact).
The sheaf of functions on X determines a sheaf of analytic functions on Xan, and each mor-
phism f : X → Y induces a morphism of ringed spaces fan : Xan → Y an. Analytification is
thus a functorial construction taking X to the category K-An of K-analytic spaces. Since
we are only interested in the topological properties of analytifications, we refer the reader to
[Ber90] for the details of these constructions. For our purposes, we only need the following.
Suppose we have a morphism f : X → Y .
Proposition ([Ber90, §3.4]). The morphism f is injective (resp. surjective, resp. proper)
if and only if fan is injective (resp. surjective, resp. proper).
Let p ∈ Y an. As discussed, there is an associated point Spec k(p) → Y in Y (k(p)). Let
Xk(p) denote X ×Y Spec k(p); the analytic fiber of p is the analytification Xank(p).
Proposition ([Ber93, §1.4]). There is a natural homeomorphism
Xank(p)
∼−→ (fan)−1(p).
4.2. Morphisms with projective fibers. For the rest of this section, all schemes are
assumed to be quasi-projective. Recall the embeddability result from Hrushovski, Loeser
and Poonen.
Theorem ([HLP14, Theorem 1.1]). Let X be a scheme over K of dimension d. Then Xan
is homeomorphic to a subspace of R2d+1 if and only if K has a countable dense subset.
Also recall that using model theory techniques, Hrushovski and Loeser established in [HL16]
various topological tameness results for Berkovich analytifications (see [Duc13] for an ex-
pository summary). In particular, they showed that Berkovich analytications are locally
contractible and have the homotopy type of CW-complexes [HL16, Theorem 14.4.1, Theo-
rem 14.2.4]. These results allow us to apply the Vietoris-Begle-Smale mapping theorem to
derive the following.
Lemma 4.1. Suppose K has a countable dense subset. Let f : X → Y be a proper surjection
such that for all p ∈ Y an, the analytic fiber Xank(p) is contractible. Then the map fan : Xan →
Y an is a homotopy equivalence.
Proof. By [HLP14, Theorem 1.1], Xan and Y an are locally compact metrizable, and have
a countable dense subset. Thus, by [Sma57, Main Theorem], fan is a weak homotopy
equivalence. Since Xan and Y an have the homotopy type of a CW-complex, fan is a
homotopy equivalence by Whitehead’s theorem. 
Suppose now that K does not necessarily have a countable dense subset.
Definition 4.2. A morphism f : X → Y of K-schemes satisfies property (†) if there is
a finite stratification Y =
∐
i Yi such that f : X ×Y Yi → Yi is a projective bundle of rank
ri over Yi.
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Let K ′ be a subfield of K and let X ′ be a scheme over K ′. For any extension F of K ′, let
X ′F denote X
′ ⊗K′ F .
Lemma 4.3. Suppose we have f : X → Y satisfying (†). Then, there exist a non-
Archimedean subfield K ′ ⊂ K, a model X ′ (resp. Y ′) over K ′ of X (resp. Y ), and a
morphism f ′K′ : X
′ → Y ′ such that the following holds.
(1) The field K ′ has a countable dense subset.
(2) The models X ′ and Y ′ are quasi-projective.
(3) The morphism f ′K′ satisfies property (†).
(4) The morphism f ′K = (f
′
K′ ⊗K′ K) is equal to f .
Proof. First, we show that there is a non-Archimedean subfield Q of K with a countable
dense subset. Let q = char(K), and let F = Fq if q is prime and Q otherwise. Then F ⊂ K.
Let T be a non-zero element in the maximal ideal of the valuation ring R of K, and let Q
be the completion of F(T). Then F(T) is a countable dense subset of Q.
Given a finite collection T := {T1, ..., Tn} ⊂ K, let QT be the completion of Q(T1, ..., Tn).
Then QT has a countable dense subset, i.e. the subfield F(T, T1, ..., Tn). Since K = lim−→QT ,
the lemma then follows from a spreading out argument (see [Gro66, The´ore`me 8.10.5]). 
Theorem C. Given f : X → Y satisfying property (†). Then, there is a finite extension
K ⊂ L such that fanL : (XL)an → (YL)an is a homotopy equivalence.
Moreover, if we suppose the field K has a countable dense subset, then we can take L = K.
Proof. First, suppose K has a countable dense subset. Then, given p ∈ Y ani ⊂ Y an, let
Xik(p) := Xi ×Yi Spec k(p).
By (†), we have Xk(p) = Xik(p) ∼= Prik(p), and thus the fiber (fan)−1(p) is homeomorphic to
(Prik(p))
an, which is contractible. Note that the fibers of f are proper, and hence f is proper.
By Proposition 4.1, fan is a homotopy equivalence.
In general, we choose K ′, X ′, Y ′ and f ′K′ as in Lemma 4.3. By [HL16, Theorem 14.2.3],
there exists a finite extension L′ of K ′ such that for all extensions F of L′, the maps
(X ′F )
an → (X ′L′)an and (Y ′F )an → (Y ′L′)an are homotopy equivalences. Then, f ′L′ also
satisfies (†), and thus (f ′L′)an is a homotopy equivalence since L′, being finite over K ′, has
a countable dense subset.
Let L be a finite extension of K containing L′. Then (X ′L)
an → (XL′)an and (Y ′L)an →
(YL′)
an are homotopy equivalences by the choice of L. Hence fanL = f
an
L′ ⊗L′L is a homotopy
equivalence. 
5. Skeletons and Product of Strictly Polystable Models
Given X over K, we say that a CW-complex ∆ is a skeleton of Xan if there is an
inclusion ∆ ↪→ Xan and a deformation retraction ht : Xan → Xan onto the image of ∆. Let
R denote the valuation ring of K. In this section, we review the construction from [Ber99]
of skeletons of Xan given by strictly polystable R-models X of X.
5.1. Skeletons of Strictly Polystable Models. From this point onward, fix a non-zero
element T in the maximal ideal of R. A locally finitely presented formal scheme X over R
is strictly polystable if, for every x ∈ X, there is an affine neighborhood U of x such that
the morphism U→ Spf R factors through an e´tale morphism U→ Spf B0× ..×Spf Bj where
each Bi is of the form
R{T0, ..., Tn}/(T0 · ... · Tn − a)
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for some a ∈ R. A scheme X over R is strictly polystable if its T-adic completion X is
strictly polystable.
Given X strictly polystable, let Xη denote the generic fiber of X (in the category K-An).
In the paper mentioned above, Berkovich constructed a CW-complex ∆(X) associated to X,
called the skeleton of X. The complex ∆(X) has a natural inclusion ιX : ∆(X) ↪→ Xη, and
a there is an associated deformation retraction hXt : Xη → Xη onto the image of ∆(X).
Remark 5.1. Suppose we have a strictly polystable R-model X of a scheme X over K, and
suppose X is proper. Then, the generic fiber Xη of the T-adic completion of X is in fact
equal to Xan. Thus, ∆(X) is a skeleton of Xan.
Example 5.2. A scheme X over R is called strictly semistable if for all x ∈ X there is
a neighborhood U of x such that the map U → SpecR factors through an e´tale morphism
U → SpecB where B is of the form
R[T0, ..., Tn+k]/(T0 · ... · Tn − a)
for some non-zero element a in the maximal ideal of R.
Clearly being strictly semistable implies being strictly polystable. Let X0 denote the
special fiber of X . Then, X0 is a simple normal crossing divisor. Let {Zi : i ∈ I} be the set
of irreducible components of X0. Let P(X0) be the poset with underlying set
{W ⊂ X0 : W is a irreducible component of ∩i∈J Zi for any J ⊂ I}
and ordering given by reverse inclusion. Recall that the dual complex ∆(X0) of X0 is a
∆-complex whose poset of faces is naturally isomorphic to P(X0). Let X denote the T-adic
completion of X , then there is a canonical isomorphism ∆(X) ∼= ∆(X0).
5.2. Skeletons of Products. A morphism of R-formal schemes X → Y is trivially
polystable if it is e´tale locally isomorphic to a projection U ×V → V where U is strictly
polystable.
Theorem ([Ber99, Theorem 8.1.viii]). Suppose we are given a trivially polystable morphism
f : X → Y between two strictly polystable formal schemes over Spf R. Let fη : Xη → Yη
denote the induced morphism on the generic fibers. Then the deformations retractions hXt :
Xη → Xη and hYt : Yη → Yη commute with fη. In other words, for all x ∈ Xη and t ∈ [0, 1],
one has that fη(h
X
t (x)) = h
Y
t (fη(x))
Let Xd denote the d-fold fiber product over Spf R of a strictly polystable formal scheme
X. Then Xd is strictly polystable. The projection piXi of X
d onto its ith factor is clearly
trivially polystable, and there is a canonical homeomorphism ∆(Xd) ∼= ∆(X)d satisfying the
properties outlined below.
Proposition 5.3. Let pi∆i denote the projection of ∆(X)
d onto its ith factor. Then the
following diagram commutes.
∆(X)d ∆(X)
Xdη Xη
pi∆i
ιX
d
ιX
piXi
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Moreover, let rX = hX1 denote the retraction map from Xη onto ∆(X), and let r
Xd = hX
d
1
denote the retraction map from Xdη onto ∆(X
d) ∼= ∆(X)d. Then the following diagram also
commutes.
Xdη Xη
∆(X)d ∆(X)
piXi
rX
d
rX
pi∆i
Proof. Commutativity of the first diagram is a special case of [Ber99, Theorem 8.2]. Com-
mutativity of the second diagram follows then from [Ber99, Theorem 8.1.viii]. 
6. Skeletons of Symmetric Products
6.1. Symmetric products. Let X denote a projective K-scheme with a proper strictly
polystable R-model X . For d ≥ 1, the dth symmetric group Sd acts on Xd by permuting
the factors. The dth symmetric product Symd(X) of X is the scheme-theoretic quotient
Xd  Sd in K-Sch. Similarly, Sd acts on the product X d over R by permuting the factors.
The dth relative symmetric product Symd(X ) is the quotient X d  Sd in R-Sch.
Let Symd,an(X) denote the analytification of Symd(X), and let Symd denote the T-adic
completion of Symd(X ). Since Symd(X ) is proper and is an R-model of Symd(X), one could
hope to use Symd to construct a skeleton for Symd,an(X) = Symdη. However, aside from
a few special cases, such as when X is a smooth curve with good reduction, Symd(X ) is
highly singular and far from being strictly polystable.
Let G be any finite group acting on a K-scheme Y . Recall that the action of G on Y
induces an action of G on the topological space Y an; each σ ∈ G can be viewed as an
automorphism σ : Y → Y , and the analytification σan : Y an → Y an is a homeomorphism.
Let Y G denote the quotient in K-Sch of Y by G, and let Y an/G denote the quotient in
Top of Y by G.
Theorem ([Ber95, Corollary 5]). Let piG : Y → Y G denote the projection map, and let pianG
denote its analytification. Then there is a canonical homeomorphism (Y G)an ∼= Y an/G,
identifying pianG with the projection Y
an → Y an/G.
Let Xd,an denote the analytification of Xd. Since the T-adic completion Xd of X d is strictly
polystable, Proposition 5.3 realizes the complex ∆(X)d as a skeleton of Xd,an = Xdη. By
invoking [Ber95, Corollary 5], we can now avoid working with Symd, and instead construct
a skeleton of Symd,an(X) by showing that the deformation retraction hX
d
t from X
d,an onto
∆(X)d is Sd-invariant.
6.2. The skeleton. Choose σ ∈ Sd. The corresponding automorphism σ : X d → X d
induces, via T-adic completion, an automorphism σX : Xd
∼−→ Xd, which in turn induces an
automorphism σXη : X
d
η
∼−→ Xdη. Since Xdη = Xd,an, this defines an action of Sd on Xd,an,
which agrees with the action on Xd,an discussed previously.
By [Ber99, Theorem 8.1.viii], σXη : X
d
η
∼−→ Xdη restricts itself to a homeomorphism σ∆ :
∆(X)d
∼−→ ∆(X)d. This defines an action of Sd on ∆(X)d.
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Lemma 6.1. The above action of Sd on ∆(X)
d is precisely the action of Sd on ∆(X)
d given
by permuting the factors. In particular, ∆(X)d/Sd = Sym
d(∆(X)).
Proof. Given σ ∈ Sd and 1 ≤ i ≤ d, the composition piXi ◦σXη : Xdη → Xη is equal to piXσ(i). By
Proposition 5.3, pi∆i ◦ σ∆ is equal to the restriction piXi |∆(X)d ◦ σXη |∆(X)d = (piXi ◦ σXη )|∆(X)d .
Therefore pi∆i ◦ σ∆ = pi∆σ(i).
Let p = (p1, ..., pd) ∈ ∆(X)d. Then we have
pi∆i (σ
∆(p)) = pi∆σ(i)(p) = pσ(i).
Hence σ∆(p1, ..., pd) = (pσ(i), ..., pσ(d)), which is the desired statement. 
By [Ber95, Corollary 5] and Lemma 6.1, the natural inclusion ∆(X)d/Sd ↪→ Xdη/Sd defines
an inclusion Symd(∆(X)) ↪→ Symd,an(X), which leads us to the following.
Theorem 6.2. There is a natural inclusion ιSd : Symd(∆(X)) ↪→ Symd,an(X) and a de-
formation retraction hSdt : Sym
d,an(X) → Symd,an(X) onto the image of Symd(∆(X)).
Moreover, let
rSd = hSd1 : Sym
d,an(X)→ Symd(∆(X))
denote the retraction map. Then the following diagram commutes
Xd,an Sym
d,an(X)
∆(X)d Symd(∆(X))
pianSd
rX
d
rSd
where ∆(X)d → Symd(∆(X)) is the natural quotient map.
Proof. The inclusion ιSd has already been constructed. Now, consider the deformation
retraction hX
d
t : X
d → Xd onto the image of ∆(X)d. By [Ber99, Theorem 8.1.viii], for all
σ ∈ Sd and t ∈ [0, 1], we have σXη ◦ hX
d
t = h
Xd
t ◦ σXη . Therefore, we obtain a family of
functions
hSdt := h
Xd
t /Sd : X
d
η/Sd −→ Xdη/Sd
which gives deformation retraction from Symd,an(X) onto the image of Symd(∆(X)). The
commutativity of the diagram is immediate from the construction of hSdt . 
7. Tropicalizing the Abel-Jacobi map
Let X be a smooth projective curve over K of genus g. Assume that X has a strictly
semistable R-model X ; let X denote the T-adic completion of X . As discussed in Example
5.2, there is a canonical identification between the skeleton ∆(X) and the dual graph G(X0)
of the special fiber X0 of X .
Each edge e in G(X0) corresponds uniquely to a node xe of X0, and each xe has a
neighborhood Ue admitting an e´tale morphism
Ue → SpecR[x, y]/(xy − ae)
for some non-zero ae in the maximal ideal of R. Set `X (e) := − log |ae|K . The pair
(G(X ), `X ) defines a metric graph Γ = Γ(X ), namely the tropicalization of X with respect
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to X . Since Γ is naturally homeomorphic to ∆(X), we have a tropicalization map Xan → Γ
given by the retraction rX of Xan onto ∆(X). For details and references on skeletons and
tropicalizations of non-Archimedean curves, see [Ber90, BPR13].
7.1. Retraction of divisors. Assume, for the rest of the section, that the residue field k
of R is algebraically closed. Let L be an extension of K, and let B ⊂ L be its valuation
ring. Then XB := X ⊗RB is a strictly semistable B-model of XL, and there is an canonical
isomorphism between Γ and the tropicalization of XL with respect to XB . In particular, we
have a map rL : XL(L)→ Γ, given by composing the tropicalization map from XanL onto Γ
with the natural map XL(L)→ XanL . Extending rL by linearity gives maps
rdL : Div
d
L(XL)→ Divd(Γ),
where DivdL(XL) is the set of degree d divisors on XL supported on X(L).
Suppose now that L is algebraically closed, then DivdL(XL) = Div
d(XL). Since X
is a smooth projective curve, we have an inclusion Symd(X)(L) ↪→ Divd(XL), realizing
Symd(X)(L) as the subset of degree d effective divisors.
Proposition 7.1. The following diagram commutes, where rSdL is given by composing
the retraction map rSd : Symd,an(X) → Symd(Γ) with the natural map Symd(X)(L) →
Symd,an(X).
Symd(X)(L) Divd(XL)
Symd(Γ) Divd(Γ)
rSdL r
d
L
Proof. Consider the following diagram, with the left square being induced by the commu-
tative diagram from Theorem 6.2.
Xd(L)
Γd
Symd(X)(L) Divd(XL)
Symd(Γ) Divd(Γ)
rSdL r
d
L
To show that the right square commutes, it suffices to show that the outer square commutes.
For 1 ≤ i ≤ d, let piLi : Xd(L) → X(L) denote the projection onto the ith factor. Given
P ∈ Xd(L), let Pi := piLi (P ), and let pi := rL(Pi). Then Xd → Γd sends P to (p1, ..., pd),
and Xd(L)→ Divd(XL) sends P to P1+· · ·+Pd. Hence the outer square commutes, as both
Xd(L)→ Divd(XL)→ Divd(Γ) and Xd(L)→ Γd → Divd(Γ) takes P to p1 + · · ·+ pd. 
7.2. Abel-Jacobi. Let J denote the Jacobian of X. Recall from [Ber90, Theorem 6.5.1]
that there is a natural inclusion ιJ from the Jacobian torus J(Γ) into Jan, and a deformation
retraction hJt : J
an → Jan onto the image of J(Γ).
Suppose that X(K) 6= ∅. Fix a basepoint P ∈ X(K), and let p := rK(P ).
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Proposition ([BR15, Proposition 6.1]). Let αP : X → J (resp. αp : Γ→ J(Γ)) denote the
Abel-Jacobi map based at P (resp. the tropical Abel-Jacobi map based at p). The following
diagram commutes, where rJ is the retraction map Jan → J(Γ).
Xan Jan
Γ J(Γ)
αanP
rX rJ
αp
The map αP induces an isomorphism α˜P,d : Pic
d(X)
∼−→ J . Let α(d)P : Symd(X) → J
denote the map given by composing α˜P,d with the natural map Sym
d(X) → Picd(X). We
now establish the following generalization of [BR15, Proposition 6.1].
Proposition 7.2. Let α
(d)
p : Sym
d(Γ) → J(Γ) be the map p1 + · · · + pd 7→ αp(p1) + · · · +
αp(pd). Then the following diagram commutes.
Symd,an(X) Jan
Symd(Γ) J(Γ)
α
(d)
P
rSd rJ
α
(d)
p
Proof. Let L be an extension of K. Without loss of generality, we replace L by its algebraic
closure. Consider the following diagram.
Symd(X)(L)
Symd(Γ)
Divd(XL) J(L)
Divd(Γ) J(Γ)
rSdL r
d
L r
J
The left square commutes by Proposition 7.1; for the right square, see the proof of [BR15,
Theorem 6.1]. Therefore the outer and top squares of the following commute for all L.
Symd(X)(L) J(L)
Symd,an(X) Jan
Symd(Γ) J(Γ)
rSd rJ
The commutativity of the bottom square now follows, as every points x ∈ Symd,an(X) lies
in the image of Symd(X)(L) for some L. 
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8. Non-Archimedean Lefschetz
We continue to follow the notations of §7. From this point onward, K is assumed to be
algebraically closed. In particular, X(K) 6= ∅, the residue field k is algebraically closed, and
X always admits a strictly semistable R-model X . Fix X .
8.1. Tropicalizing effective divisors. Let Wd ⊂ J denote the image of the map α(d)P .
Given r ≥ 0, let W rd ⊂ Picd(X) denote the locus of divisor classes of degree d and of rank
at least r. Recall that the bijection α˜P,d : Pic
d(X)
∼−→ J identifies W 0d with Wd.
Let ωr := W rd \W r+1d , and let ωrP := α˜P,d(ωr). Then we have a stratification of Wd given
by the disjoint union
∐
r ω
r
P . Moreover, this stratification is finite.
Lemma 8.1. The map α
(d),an
P : Sym
d,an(X)→W and is a homotopy equivalence.
Proof. Let Σr ⊂ Symd(X) denote the preimage of ωrP . Given x ∈ ωrP , let [D] denote the
corresponding divisor class in ωr, and let D ∈ [D]. Then the preimage of x is equal to the
complete linear series |D| ⊂ Symd(X). In particular Σr → ωrP is a projective bundle of rank
r. Therefore, Symd(X) → Wd satisfies property (†) from §4.2. By Theorem C, the map
Symd,an(X)→W and is a homotopy equivalence. 
As a consequence of Proposition 7.2, the map rJ : Jan → J(Γ) restricts itself to a map
from W and to the image Wd(Γ) of Sym
d(Γ). We now establish the following theorem.
Theorem B. The map W and →Wd(Γ) is a homotopy equivalence.
Proof. From Proposition 7.2, we have the following commutative diagram.
Symd,an(X) W and
Symd(Γ) Wd(Γ)
rSd
By Lemma 8.1, the top arrow is a homotopy equivalence. By Theorem 6.2, the left arrow
is a homotopy equivalence. Finally, by Proposition 3.4, the bottom arrow is a homotopy
equivalence, and thus the right arrow is a homotopy equivalence. 
8.2. Proof of non-Archimedean Lefschetz. We now establish our Lefschetz hyperplane
theorem for non-Archimedean Jacobians.
Theorem A. For 1 ≤ d ≤ g − 1, the pair (Jan,W and ) is d-connected.
Proof. Consider the following diagram.
W and J
an
Wd(Γ) J(Γ)
rJ
By Theorem B, both vertical arrows are homotopy equivalences. By Theorem 3.1, the pair
(J(Γ),Wd(Γ)) is d-connected, and the theorem follows. 
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